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Magnetic fields significantly affect the flow of ionized gases and may be exploited for the control of separation,
transition, and turbulence. The wave structure of ionized gas high-speed flows under the influence of magnetic fields
is more involved than the waves of ordinary gas dynamics and high-resolution is required to accurately compute the
complex wave interactions of such flows with discontinuities. Numerical solutions of the nonlinear ideal and viscous
magnetohydrodynamic equations are obtained with a high-order-accurate shock-capturing scheme. The numerical
method is tested for flows containing strong magnetohydrodynamic discontinuities and smooth flow features to
ensure that it maintains high-order accuracy for the smooth parts of the flow, it preserves numerical stability, and
eliminates nonphysical features that result from the violation of the divergence-free condition for the magnetic field.
Problems with exact solutions, such as the convection of smooth waves caused by magnetic fields, are also solved
numerically to validate the method. The numerical method is applied to simulate separation control at the interaction
region of an oblique shock with a laminar boundary layer under the influence of magnetic fields.

Nomenclature
Al = Alfven number, \/V,;/ Vit
B = magnetic induction vector
B,, B,, B, = magnetic vector components
C = acoustic speed
Cy = Alfven wave speed, /B - B/p
o = fast wave speed
C, = slow wave speed
D = electric displacement vector
E = electric field vector
F = inviscid flux vector
F¥ = viscous flux vector
H = magnetic field vector
Re, = magnetic force number, B,/ U2, poo [hmoo
Re, = viscous Reynolds number p, U L/ 1o
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XY,z = Cartesian components
&n¢ = curvilienear components
Superscripts

i = inviscid fluxes

v = viscous fluxes

L.

URING the past years significant emphasis was given to the

development of novel flow control techniques targeting to offer
enhanced performance of aircraft and propulsive systems for a wide
range of speeds. These techniques reached a high level of sophis-
tication and it is now expected that additional performance can only
be achieved by introducing new physical mechanisms for flow
control. The exploitation of the interaction between moving elec-
trically conducting gas and magnetic field is an attractive candidate
for enhanced flow control authority. The profound influence of
electric and magnetic fields on conducting liquids and gases is known
for many years. Early investigations [1-3] demonstrated that under
the influence of appropriate magnetic fields the shock standoff
distance of high-speed flow past blunt bodies increases and the heat
transfer rate reduces. The modification of the velocity distribution of
wall bounded flows (Hartmann layer) caused by the influence of
magnetic fields is well known and attempts were made to use it in
industrial applications. The idea of magnetohydrodynamic (MHD)
flow control is not also new and attracted the attention of early
investigations [4].

Investigation of the dynamics of ionized gases started in the
beginning of the last century with the works of Larmor and Alfvén. In
1928, Langmuir [5] coined the term plasma to denote a collection of
ions and electrons of the ionized gas produced in discharge tubes.
There exists currently a renewed interest for plasma [6] in a wide
range of emerging technologies and new applications such as
semiconductor processing, electromagnetic pulse devices, nuclear
technology, plasma thrusters for space propulsion, plasma induced
drag reduction in high-speed flight, and electromagnetic control of
flow separation transition and turbulence for conducting fluids. The
flow of plasma in the presence of a magnetic field can be described by
the system of MHD equations. These equations represent coupling of
the fluid dynamical equations with the Maxwell’s equations through
the addition of Lorentz force and work in the momentum and energy
equations. The derivation of the ideal MHD equations, where
electrostatic forces, displacement currents, viscosity resistivity, and
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heat conduction are neglected and a single vector equation is used for
the magnetic induction can be found in textbooks [7—10]. The ideal
MHD equations can be extended to the set of equations including
viscous effects [10-12]. The numerical methods for the ideal MHD
equations [11-13] are based on the techniques developed for gas
dynamics. For problems in which the magnetic Reynolds number is
very small, the induced magnetic field is negligible and a simplified
set of equations including the electromagnetic forces as source terms
in the Navier—Stokes equations can be used. Numerical simulations
for low magnetics Reynolds number can be obtained [14] with minor
modification of a compressible flow solver.

For cases where both electric and magnetic fields are important,
the unsteady compressible flow equations containing electro-
magnetic stress, work, and heat as source terms must be coupled the
full Maxwell equations the Faraday’s induction law (B, =V X E,),
and the generalized Ampere’s law (E; = (VX B/u,, — ji)/€e»
where j, is the current density). For harmonic electromagnetic fields,
the constitutive laws for magnetic induction and electric displace-
ment are automatically satisfied. A complete derivation of the
equations that couple the full Maxwell equations with the compress-
ible flow equations is given in the literature [10,15]. The numerical
treatment of the full MHD equations requires the solution of the full
Maxwell equations. A numerical method for flow simulations with
strong electric and magnetic fields based on Giordano’s formulation
[15] was recently presented [16] and applied for the control of high-
speed flows.

The ideal MHD equations describe many astrophysical plasmas
such as stellar atmospheres and winds, accretion discs, and jets
characterized by complex time-dependent flows with strong shocks
and current sheets coupled with distributed nonlinear waves. For
these astrophysical flows, second-order in space and time schemes
have been developed [13,17-21]. The governing equations
describing both sparse and dense plasma flows that are relevant in
many applications of current interest are the viscous MHD, or the
nonideal magnetogasdynamics equations. Viscous MHD flows
include coherent sharp field structures often embedded in a turbulent
background and second-order accuracy is no longer sufficient to
properly resolve small-scale motions and perform long-time inte-
gration of wave propagation phenomena in viscous plasma flows.
Therefore, there are compelling reasons to develop high-order-
accurate schemes for viscous compressible MHD flows. A high-
resolution shock-capturing numerical method for the viscous MHD
equations is presented in this paper. The distinct characteristics of the
present method compared with recent numerical works for the ideal
and viscous MHD equations presented in the literature [11-13] are
the ability to obtain high-order numerical solutions in complex
domains, the computational efficiency for multidimensional
numerical solutions, and good shock-capturing capability.

Itis well known that application of algorithms, which fail to satisfy
the divergence-free condition numerically, can lead to serious defects
[22,23]. Usual nonphysical effects that arise when the constraint
V - B = Ois not satisfied is acceleration of the plasma parallel to field
lines and plasma transport orthogonal to the magnetic field. The
cause of these effects is that violation of the divergence-free
constraint results in the addition of source terms in the momentum
and energy equations. A numerical scheme that satisfies the
divergence-free condition of the Maxwell equations was presented
for the first time by Yee [24]. Balsara and Spiecer [25] and Balsara
[26] pioneered the design of numerical methods that satisfy the
divergence-free condition, which does not appear explicitly in the
MHD equations.

Other attempts, which have been made in the literature to enforce
explicitly the divergence-free condition, are briefly reviewed. These
techniques are also known as divergence-cleaning techniques in the
context of MHD equations. Divergence correction can be achieved
by projection, which is based on Hodge decomposition, as was first
suggested by Brackbill and Barnes [23] in the context of MHD. The
numerical magnetic field B is projected into a zero divergence vector
space and the projected B field is used in the next time step. To
implement this approach a Poisson equation needs to be solved.
Another method is Powell’s source term formulation [27], which is

derived from the physical laws if the conditions V- B =0 is not
explicitly used. Source terms proportional to V - B are added to the
equations. The addition of these terms makes the system well
behaved but nonconservative. With this method, the divergence
errors could be transported to the domain boundaries with certain
speed and damped at the same time. Another approach, often referred
to as constrained transport methods, was first brought up by Yee [24]
in electromagnetics and then adapted to MHD equations thought the
use of staggered mesh and a suitably defined discrete approximation
so that the divergence of the solution can be maintained zero. This
approach has been further developed by combining it with the
higher-order Godunov type schemes by Dai and Woodward [19], and
by Balsara and Spiecer [25]. Furthermore, Balsara [26] developed
such divergence-free reconstruction strategy in an adaptive mesh
setting. Toth [21] compared some of the methods mentioned above
and introduced the field/flux-interpolated central difference
approach, in which no staggered mesh is needed.

In the present work, the Powell source term formulation [27,28]
is used for both inviscid and viscous flow numerical solutions. The
discretization of the nonlinear convective terms is obtained with
high-order finite difference WENO schemes and the viscous terms
are discretized using explicit, forth order, centered finite difference
formulas. Time marching is performed with explicit Runge—Kutta
methods. The numerical method is validated for MHD shock tube
problems, the convection and diffusion of magnetic fields for
problems with exact solutions, and for the Orszag—Tang [29] (O-T)
vortex problem. The method is applied for the simulation of the
control of separation of a supersonic, laminar boundary induced by
an oblique shock. The rest of this paper is organized as follows. In
Sec. II, the governing equations are presented. The eigenvalues
and eigenvectors of the inviscid, conservative MHD flux Jacobians
were derived for generalized coordinates. These are required in the
implementation of the numerical scheme that is outlined in
Sec. III. Validation tests and flow control results are presented in
Sec. IV.

II. Governing Equations

The governing equations for magnetogasdynamics are obtained
by coupling a simplified form of the Maxwell equations, known as
pre-Maxwell equations, with the Navier—Stokes equations. The pre-
Maxwell equations result from the complete set of the Maxwell’s
equations under the assumption that ew/o < <1, where € is the
dielectric constant that relates the electric field vector E with the
electric displacement vector D = €E, w is a representative frequency
of interest, and o is the electrical conductivity relating the magnetic
induction vector B with electric E field vector thought the Ohms’s
law constitutive relation j = o(E + v x B), where v is the velocity
of the conducting gas. Therefore, when the time scale of the
phenomenon of interest is shorter than the frequency of the plasma
Ampere’s law reduces to the curl of the magnetic field intensity H
and Ohm’s law is an excellent approximation. The system of the
Maxwell equations is further complemented with the additional
constitutive relation B = u,, H relating the magnetic field vector H
with the magnetic induction vector. The coupling of the pre-Maxwell
equations with the compressible flow equations is carried out thought
the momentum and energy equations. The momentum equation is
augmented with the extra electromagnetic body force term F,, =
j x B while the energy equation is modified by the addition of the
electromagnetic energy term E., = E - j. The system of mageto-
gasdynamics or MHD is completed with the solution of the induction
equation that describes the evolution of the magnetic induction
vector. This equation is obtained by eliminating E from Ohm’s law
and Faraday’s law, (V x E = dB/dt). Subsequently using the pre-
Maxwell form of Ampere’s law, 1,V x B = j (where the time
derivative of the electric displacement vector, or the displacement
current, has been neglected) the current j can be eliminated.

The resulting inviscid compressible MHD system in conservation
law form is:
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This form of the governing equations is equivalent with the form
shown by Gaitonde [11] if each component of the magnetic induction
vector is substituted by B;=B;\/R,/i,, where R, =B/
UZ poo W, is the magnetic force (or pressure) number.

The ideal MHD conservative equations are a system of nonstrictly
hyperbolic conservation laws. In addition, the divergence-free
condition for the magnetic field must be satisfied at each time step.
Inclusion of the divergence-free condition V- B = 0 in an explicit
form causes difficulties in the numerical implementation. However,
Powell [27] and Powell et al. [28] have shown that an almost
equivalent nonconservative (symmetrizable) MHD system can be
derived. The numerical solution of the symmetrizable MHD system
does not require to explicitly enforce the divergence-free condition
V - B = 0 for the magnetic field at each time step (via the solution of
a Poisson equation for example), it yields a better conditioned
eigensystem and greatly facilitates the application of high-resolution
shock-capturing schemes. The divergence-free constraint for the
numerical solution of the symmetrizable system is not satisfied
exactly but the divergence of the magnetic field converges to zero as
the time step and the grid resolution approach to zero. Numerical
discretizations of the MHD system introduce other difficulties, for
example Toth [21] proved that it is not possible to design a scheme
that satisfies both conservation of momentum and the requirement
that the discrete acceleration of the Lorentz force is exactly per-
pendicular to the magnetic field. Taking into account these
considerations it appears that Powell’s approach is satisfactory
because since none of the numerical values agrees exactly with the
analytical solution there is no compelling reason to insist that a
specific combination of them, namely V - B, should be equal to the
analytic value. The right hand side of the symmetrizable inviscid
MHD system 1is identical with the system conservative MHD of
Eq. (1) and the left had side contains the ad hoc added non-
conservative [27,28] source terms S =V-B[0, B, B,,
B ,vIB,u,v,w]"=V-B[0, (B)s, (v/B)g, (v)s] The
source terms are retained for the viscous MHD equations which in
flux vector form are:
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Table 1 Variables and parameters of the compressible MHD equations

Variable/ Definition Name
paramater

p(x,1) Density

v(x,1) =(u,v, w)(x,1) Velocity vector

B(x,1) =(B,, By, B,)(x,1) Magnetic field vector

e = ﬁ +1(plv?| + |B?) Total energy

p =(y — D(e —3(plv*| + |B?|) Hydrodynamic
pressure

p =p+1|B?| Hydrodynamic plus

magnetic pressure

Pr =t Prandtl number

Re, = % Viscous Reynolds
number

Re,, = % Magnetic Reynolds
number

The expanded forms of the inviscid and viscous flux vectors of the
compressible viscous MHD system, Eq. (2), in Cartesian coordinates
are:

pu
pu® — B+ p
puv — BB,
puv — B, B,
Fi=1 lle+pu
~(v-B)B,]
0
uB, — vB,

v _ 1 2 1 9v? 19T
F) = e —3(V-Vu+v-Vu+355+ 550

1 9|B?|
+ Re,, (% ax B- VBX)

0
1 9B, __ 9B,
Re,, \ ox dy
1 (B _as,
Re,, \ ox 0z

The state variables and the main parameters of the compressible,
viscous MHD system are summarized in Table 1.

The reference speed in the definition of the viscous and magnetic
Reynolds number can be the Alfvén wave speed, then these param-
eters are known as the viscous and resistive Lundquist numbers,
respectively.

The Cartesian form of the governing equations is extended to
curvilinear coordinates by introducing the transformations x=
x(&n,0), y=y&n.0), z=1z(& n,¢). The curvilinear coordinate
formulation of the inviscid and viscous flux vectors are:

pU
pUu— BB, +£.p
pUv — BB}, +&p

Ee=i e+ p)U — B(v-B)]
UB, — Bu
l~/B),—§v
UB, — Bw

0

e Gt + &1 T E70)
#’v (SXTXY + E)'Ty.v + & Tyz)
R%U &1, + &1, + E.1,)
e GE +§E, +EE)
+ e B M+ EM, + EM.)
7 (6B +§B,, +EB,.)
7o (E.By +&By, +&B,)
7o (EB. + B, +£B.)

where
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2
Ty = (i, +v,)7,, = —g,uV V42,

2
Tyz = ,bL(MZ + wx)‘[zz = _§MV VA4 2pw, Ty, = I‘L(vz + wy)

ny
Ex = UTyy + Urxy + WTy, + E (Exeé + nxen + Exe§)

Ey = uty, + vty + Wty + % (éyeéf + ey + é‘yel)

Ez = UTy, + U‘L'),Z + wt,, + %(Eaeg + nzen + é‘ze§)

Mx = 05|B|% - (BxBx,x + B)B\y + Bsz.z)
M, =05|B]2 — (B,B,, + B,B,, + B.B, )
MZ = 05|B|? - (Bsz,x + Bsz.y + Bsz,z)

Bxx = 0’ Bxy = By.x - Bx‘yi sz = Bz,x - B.\'.z
By, =By — By, By, =0, By, =B.,—B,.;
Bzx = Bx‘z - Bz.xv Bzy = By,z - Bz,yv Bzz =0

and U and B are the contravariant velocity and magnetic induction
vectors along the & direction defined as U = u&, + vé, + wé,,
B=BE + B,§, + B.£,, J is the Jacobian of the transformation,
and ,, &, £, are metric terms.

The symmetrizable form of the equations for ideal [30] and
viscous [12] MHD has been recently used with different numerical
techniques to make possible the enforcement of the divergence-free
condition that appears explicitly in the conservative form. Similar to
other modern shock-capturing methods, weighted essentially non-
oscillatory (WENO) uses local characteristic decomposition for the
evaluation of the numerical flux where the conservative fluxes are
separated into families of waves. Considerable work is required to
evaluate the MHD eigensystem. There are seven waves in the MHD
system. In addition to the entropy wave, which propagates with the
fluid speed, v, there are three additional wave modes, which can
propagate with different speeds. According to the magnitude of the
wave speeds, these three modes are called fast, intermediate
(Alfvén), and slow waves. The Alfvén slow and fast waves degen-
erate into acoustic waves when the magnetic induction vector
vanishes (B = 0) and a spike in the numerical results of the shock
tube appears as a compound wave [6,13], as is shown in the numer-
ical results. The fast and slow waves are compressive, while the
intermediate Alfvén wave is not. Depending on the direction and the
magnitude of the magnetic field, these wave speeds may coincide.
Thus the MHD equations form a nonstrictly hyperbolic system. In
spite of this, a complete set of eigenvectors can be found, and with
proper normalization, they are well defined [28,30,31]. In this work,
the 3-D extension of the Yee and Sjogreen [30] and Cargo and Gallice
[32] eigenvectors for the nonconservative MHD system is used.

III. Numerical Scheme

Finite difference WENO discretization of the conservative form of
the ideal MHD equations has been presented by Jiang and Wu [33] In
the present work, the inviscid fluxes of the symmetrizable system are
evaluated with the standard, conservative finite difference WENO
schemes [34,35]. The derivatives of the inviscid fluxes are computed
as

af _fi+1/2 —];H/z
P w— 3

where f i+1/2 denotes the numerical flux which is reconstructed using
high-order accuracy. The increase of the order of accuracy of WENO
implies increase the stencil width. The stencil width for the fifth,
seventh, and ninth accurate WENO schemes is 7, 9, and 11,
respectively. WENO reconstruction of the left and right states U, Uy
about i —1/2 and i+ 1/2, respectively, is carried out on the
characteristic space. Formulas for reconstruction with (fifth or higher
order of accuracy (seventh, and ninth), and Runge—Kutta methods for
time marching can be found in [34] and references therein.

For the numerical solution of the three-dimensional symmetriz-
able (nonconservative) MHD system with the finite difference
WENO scheme, it is necessary to define an average state of the left
and the right states at an interface. A Roe-type approximate Riemann
solver, which is an improvement to the Riemann solvers proposed by
Brio and Wu [13] is used. For high-order methods, such as WENO,
the choice of the numerical flux does not affect significantly the
overall accuracy. Therefore, the computationally efficient Lax—
Friedrichs numerical flux is used and the average state U is defined
for the variables q = [p, u, v, w, h*, B,, B,, B,]” where h* = (e +
p + |B|?)/p using Roe’s averaging. Once the average state has been
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Fig. 1 Schematics of a) wave structure of MHD shock tube problem,
and b) comparison with the gas dynamic (B = 0) shock tube problem.
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Fig. 2 Effect of grid stretching on the resolution of discontinuities for
the MHD shock tube problem.

defined the conservative flux vectors are first projected on the
characteristic space where the reconstruction is carried out and then
the numerical flux is reprojected back to the conservative variables
space and the derivatives are computed with Eq. (3). Therefore,
evaluation of a proper set of right and left eigenvectors for the
conservative flux vectors is a crucial step of the WENO solver.

The eigensystem of Eqgs. (1) has been extensively studied. It was
pointed out [31] that the set of eigenvectors can become singular at
the points where the eigenvalues are degenerate. Brio and Wu [13]
have given a proper choice of normalization that avoids these
singularities and provides a complete set of eigenvectors. The
numerical scheme was tested for the eigenvectors derived by Brio
and Wu. For one-dimensional shock tube problems, good solutions
were obtained. However, it was found that for multidimensional
flows a divergence-cleaning procedure was necessary. The same
conclusion was reached by Jiang and Wu [33]. Divergence cleaning
could become quite costly for three-dimensional computations.
Therefore the symmetrizable form was adopted and the set of
eigenvectors given by Cargo and Gallice [32] was used.
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Fig. 3 Detailed comparison of the numerical solution with uniform
mesh (symbols) and stretched mesh (lines with symbols).

1000
B Exact
| [ B, =1, Ax=0.0025
800 |- — — — - B,=0,Ax=0.0025
600 [~
a B
400 [~
200 |~
O -
|
-1 -0.5 0 0.5 1

X

Fig. 4 Effect of the transverse magnetic field component B, on the
formation of pressure discontinuities.

IV. Results

Brio and Wu [13] presented one-dimensional solutions for ideal
MHD shock tube problems, while Jaiang and Wu [33] using the same
formulation (without source term) and divergence cleaning for two-
dimensional flows obtained high-order numerical solutions with
WENO reconstruction. The source term formulation was first
implemented in the finite volume context [27] while Warburton and
Karniadakis [12] implemented the same formulation in the high-
order discontinuous Galerkin context for flows without disconti-
nuities. High-order finite difference numerical solutions for nonideal
MHD flows without discontinuities were obtained by Gaitonde [11].
In this work the source term formulation is adopted and a Riemann
solver with WENO reconstruction that is carried out in generalized
coordinates is used. Therefore, systematic validation is required
before the method is applied to more realistic flow cases. Simple
validation shock tube problems suggested by Brio and Wu [13], and
exact results for smooth flow problems [11] are used to validate the
present method. All numerical solutions are computed with a 3-D
code by adding appropriate number of points (depending on the order
of the WENO scheme) for one- and two-dimensional problems.
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Fig. 5 Effect of the transverse magnetic field component B, on the
formation of density discontinuities.
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Fig. 15 Computed density field for the O-T vortex at time t = & with a
200 x 200 cell mesh.

The first validation case is the coplanar MHD Riemann problem
proposed by Brio and Wu [13]. This problem is the MHD analog of
the Sod’s shock tube (ST) problem for gas dynamics and it is referred
to as the ST-MHD-I problem. The interaction for ST-MHD-I occurs
under a constant in the x direction magnetic field B, = 0.75 and
y = 2.01in the region —1 < x < 1. The two initial constant left state
U, for x < 0 and right state Uy, for x > 0 of the ST-MHD-I problem
that contain discontinuities for the gas dynamics quantities and the y
component of the magnetic field and are given by:

U, = o u. vy pu. (B,),] = [1.000,0.0,0.0, 1.0, +1.0]
-1=<x<0
UR = [,OR, Ug, Vg, PR, (BV)R] = [0125, 00, 0.0, 01, _10]

0<x<1

The computed profiles for density p, pressure p, the velocity
components u, v, and the B, component of the magnetic filed vector
at time ¢ =0.01 are shown in Figs. 1-3. The wave structure is
annotated in Fig. 1a. In Fig. 1b, the solution computed with the same
code but without magnetic field is shown with dashed line. It is clear
that the imposed magnetic field slows down the shock and reduces
the intensity of velocity shocks. On the other hand, the imposed
magnetic field increases the pressure jump at the shock location.

Fig. 16 Computed density field for the O-T vortex at time # = 7 with a
400 x 400 cell mesh.



2788

EKATERINARIS

Density, Re = 10000

[]

04 0506070809 1 111213 14 1516 1.7 1.8 19 2 21 22 23 24 25 26 27 28 29 3

B )

Density, Re = 5000

[

04 0506 070809 1 11121314 1516 17 1819 2 21 22 23 24 2526 27 28 29 3

credtrr ey

3

SO T TR AR R AR AT L A A

1 0o 1 2 3 4 5

Fig. 17 Computed flowfields at Re = 5000 and Re = 10, 000 for shock laminar boundary layer interaction no control.

Density0

40506 07 0809 1 1112 13 14 1516 1.7 1.8 1.9 2 21 22 2.3 24 25 26 27 28 29 3

- -~ - 3 e
> - -~
> -~ S
no : 5
MHD = .
< <
= 3
£ :
| E
0
Density [T T T T 1]
04 05 06 07 0809 1 1112 13 14 15 16 1.7 18 1.9 2 21 22 23 24 25 26 27 28 29 3
MHD
By

1.5 25
Fig. 18 Separation suppression with B,.



EKATERINARIS 2789

Numerical solutions were obtained with different grid densities
and because the numerical method is suitable for arbitrary meshes a
solution was computed with grid stretching. A comparison of a
solution computed with very high density (5000 intervals and Ax =
0.0002 and uniform mesh), and a solution computed with 400
intervals and stretched mesh in the interaction region is shown in
Fig. 2. A detailed comparison in the interaction region is shown in
Fig. 3. In both figures only few symbols of the high density mesh are
show. Clearly the solution computed on the stretched mesh provides
the same resolution as the very fine mesh.

The second validation Riemann problem is the shock tube
problem proposed by Brio and Wu [13] to demonstrate the
robustness of their scheme for high Mach number flows caused by
large pressure ratio of the left and right states. This problem is
referred to as ST-MHD-II, and the only difference with the ST-MHD-
I problem is that the pressure ratio instead of 10 is 10* (p, = 1000)
and there is no uniform magnetic field along the x direction
(B, = 0.0). This problem is solved until final time ¢ = 0.012. The
computed solutions for the ST-MHD-II problem are shown in
Figs. 4-7. In Figs. 4 and 5 the effect of the transverse B, magnetic
field component on the development of pressure and density
discontinuities is shown. The slow and fast shock waves induced by
B, = =£1 are indicated in Figs. 4 and 6. The large pressure ratio
results in a high-speed shock. Addition of a uniform magnetic field
along the x direction for the original ST-MHD-II problem further
alters the wave structure. The generation of intermediate Alfvén
waves, when an additional magnetic field component B, = 4.0 was
imposed, is shown in Fig. 7.

The first one-dimensional validation example with an analytic
solutions that includes only smooth features is Alfvén wave
propagation along a line —5 < x < 5 with periodic ends. The initial
conditions for this problem are uniform density p = 1 and constant
total pressure p + |B|?/2. Under these conditions an initial
waveform B, (x, 0) = B,(x) propagates with constant wave speed is
B.. A detailed description of this problem is given by Gaitonde [11].
The computed solution at # = 10 for initial condition B (x, 0) = e
agrees to plotting accuracy with the exact result. A two-dimensional
analog of the one-dimensional Alfvén wave propagation with
B.(x,y,0) = e™ was computed on an artificially distorted
relatively coarse mesh. The computed magnetic field is shown in
Fig. 8. The computed divergence of the magnetic field at the final
time is shown in Fig. 9. It appears that for long time integration the
constraint V - B = 0 was retained almost to machine zero even for a
relatively coarse distorted mesh.

The next one-dimensional validation example, is diffusion of a
magnetic field [11]. The initial conditions for the electromagnetic
field are shown in the schematic of Fig. 10. At time r = 0 a magnetic
field of intensity B, = B, is considered on the surface of a conductor.
This magnetic fields diffuses in the ionized gas and the diffusion
length is proportional to the magnetic Reynolds number, Re,,, and
the final time. Comparisons of computed solutions with the exact
result, B,(n) =1 — (2/7) [§ e dg, n = 0.5y//1/Re,,, are shown
in Figs. 11 and 12. The computed solutions for different magnetic
Reynolds number Re,, at t = 1.75 (see Fig. 11) and for magnetic
Reynolds number Re,, = 1 atdifferent final times (see Fig. 12) are in
good agreement with the exact result. Another essentially one-
dimensional example considered was computation of the Hartmann
layer. The computed solutions for moderate Reynolds numbers (to
avoid very small time steps imposed by the explicit method) were
also found in good agreement with the exact result.

A two-dimensional validation example, Alfvén wave propagation
in a rectangular periodic domain, was considered next. The
numerical solution of this problem [21] is computed in a rectangular
domain 0 < x < 1/cos(#), 0 <y < 1/cos(8), 0 = /6. The gas
constant is y = 5/3 and the initial density and pressure are constant
px,y,t=0)=1, p(x,y,t=0)=0.1. The initial velocity and
magnetic field components parallel to the lines 6 = 7r/6 are constant
u; =0, By=1, and the normal to these lines components are
u;, =B, =0.1sin[27(x cos 8 4 zsin H)]. Periodic boundary con-
ditions are specified and the solution is computed until final time

t = 10. Comparisons of the exact solution with numerical solutions
computed with different number of intervals N = 8, 16, 32 and the
fifth-order-accurate WENO-5 scheme are shown in Figs. 13 and 14.
The y components of the computed velocity and magnetic field
vectors of Fig. 13 and 14, respectively, compare favorably with the
exact result. The same agreement is observed for the components
along the x direction. The agreement improves with the increase of
the number of intervals and the convergence rate of the computed
solutions for this problem with smooth data was found to be close to
the design order of accuracy of the WENO-5 scheme.

The MHD O-T [29] vortex problem is a classical validation
example for ideal MHD shock-capturing methods and has been used
by several investigators [12,21,30,36] to demonstrate the resolution
of their MHD Riemann solvers. The O-T vortex problem is computed
in a square domain 0 < x < 2x, 0 <y < 2x for y = 5/3, constant
initial density, p(x, y, = 0) = y?, and constant pressure, p = y. The
initial conditions at t+ = 0 for the velocity and the magnetic field
components are smooth functions of position specified as follows:
u(x,y) = —sin(y), v(x, y) = sin(x), By(x, y) = —sin(y), B, (x. y)=
2sin(x). The solution is computed with constant time step and
periodic boundary conditions until final time ¢ = 7. The numerical
solution develops discontinuities in finite solution time, f &~ /6,

AAaamAaaaaaaan
ShvwhroON®©O

13 14 15 16 17 18 19 2 21 22 23

X
a)
0.25
0.2
0.154 %
> 11 \
0.1{9® SN
Ak \
] /_\,/\0.’%‘0
] /—\/_‘\'6‘§
i \—BNR
0.05-—-’—0~j\13 - ]
11— ]
1 N —F—1
] C\Qn‘“ 17—
C\I\\l\|||||1]|\f||\|||||\I\II\I\\VIIIlII\l\I‘I
13 14 15 16 17 18 19 2 21 22 23
X
b)

Fig. 19 Magnetic and electric field at the interaction region.
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initially at the periodic boundaries of the computational domain. The
discontinuities propagate in the interior and at time ¢ = 7 complex
discontinuity patterns are found for all quantities. The computed
density field at time ¢ = 7 for a numerical solution computed with a
200 x 200 cell grid and the WENO-5 scheme is shown in Fig. 15. The
general features of this numerical solution are in agreement with the
features obtained with a 400 x 400 cell denser grid shown in Fig. 16.
On the denser mesh, finer flow features can be distinguished at the
center of the domain. The pressure and temperature fields demon-
strate that in addition to sharp shocks exist contact dis-
continuities. The computed magnetic field (not shown here) is also
discontinuous, however, the magnetic field contains coarser structure
compared with the density or gas pressure field. The computed
temperature field could indicate the location of contact dis-
continuities [21]. At larger final time # = 2z, the computed flowfield
structures become finer because the O-T vortex was introduced as an
example for the study of two-dimensional MHD turbulence.

The favorable comparisons of computed solutions with exact
results and standard MHD problems including strong discontinuities
for all MHD state variables established the required confidence for
the accuracy of the numerical method. The numerical method was
then applied for the simulation of flow separation control. The case
considered is control of separation induced on a supersonic boundary
layer at M =3 by an oblique shock at an angle of 6 =30 deg.
Computed solutions of the flow without magnetic field at Re = 5000
and Re = 10000 per unit length on a mesh with 100 intervals
uniformly distributed per unit length and 200 points stretched in the
normal directions are shown in Fig. 17. Clearly, the separation bubble
that develops ahead of the oblique shock incidence is larger at the
lower Reynolds number. Assuming that the gas is ionized and,
Re, = Re,, = 10* (Hartman number Ha = /Re,Re,, = 10*) per
unit length, control of flow separation by magnetic fields was
simulated.

First a magnetic field normal to the flow direction B, =1 is
imposed on the surface of the plate. The oblique shock that is
generated by a wedge for M = 3 freestream speed and impinges
angle 6 = 30 is imposed as the boundary condition at the top of the
domain from the oblique shock relations for inviscid flow. The flow is
supersonic everywhere, and therefore all inflow conditions are

1.5

specified at the inflow boundary and simple extrapolation is used at
the outflow. On the surface the nonslip boundary condition is
specified for the velocities and the density and pressure on the wall
are extrapolated from the interior assuming that dp,/dy =
ap,/dy = 0 while B,, = (0, 1, 0). This surface boundary condition
for the magnetic field is an approximation of the magnetic field
generated by coils that have their axis along the y direction. The
computed flowfields with magnetic field and without magnetic field
are compared in Fig. 18. The imposed B, field on the wall
generates a Hartmann-like effect and results in complete flow
attachment. The magnetic field vectors and the computed total
pressure are plotted in Fig. 19a. The current can be obtained form
the computed magnetic induction field as j = V x B/u,, and the
lines of current with the contours of the magnetic pressure |B| are
shown in Fig. 19b.

Next a magnetic field with a component B, = 1 along the span of
the plate was considered for flow control. This case is analogous to
the schematic of Fig. 10, where the imposed magnetic field diffuses
along the normal to the wall direction and the current along the stream
wise direction also diffuses in the normal to the wall direction. It
corresponds to a case where the axis of the coils is along the
transverse, z, direction. The numerical solution computed on the
same mesh, flow and boundary conditions but with B,, = (0,0, 1) is
shown in Fig. 20. It appears that significant attachment of the flow
was achieved. The magnetic field and the computed total pressure in
the interaction region for the case with B,, = (0,0, 1) is plotted in
Fig. 21 and it can be compared with the case B, = (0,1,0) of
Fig. 19. The current vectors along the stream wise direction obtained
from the computed magnetic induction field and the contours of the
magnetic pressure |B| are shown in Fig. 21b.

It was found that complete elimination significant reduction of the
separated flow region of shock-induced separation can be achieved
with appropriate size magnetic fields. The intensity of the magnetic
fields required to obtain complete elimination of separation induced
by the impingement of a strong oblique shock on a spatially
developing laminar boundary layer is quite large. However, the
present method can be used for detailed comparisons with
experiments and further investigation of the physics of MHD flow
control.
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Fig. 21 Magnetic and electric field at the interaction region.

V. Conclusions

A high-order method for ideal and viscous compressible MHD
equations has been developed, validated for model problems with
exact solutions, and applied for separation control caused by an
oblique shock impinging on a laminar boundary layer. The
symmetrizable form of the governing equations was used to ensure
preservation of the divergence-free constrain for the magnetic field.
The inviscid fluxes were discretized using the standard finite
difference WENO scheme and the viscous terms were computed with
central fourth-order-accurate finite differences. The eigensystem of
the MHD equations was derived for arbitrary directions and used for
the WENO finite difference scheme that is applied to the generalized
coordinates form of the governing equations. The numerical scheme
was validated for standard test problems with exact solutions that are
available in the literature. It was shown that for smooth flow problems
the method achieves the design order of accuracy and provides sharp
resolutions of discontinuities. The numerical method was applied for
the simulation of flow separation control. It was found that flow
separation can be significantly reduced or completely eliminated
with the application of appropriate magnetic fields. The numerical
method has all the essential ingredients for simulations of complex
MHD physics in transition and turbulence control of high-speed
flows.
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